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                \begin{document}$(m\geq0)$\end{document}$ are called *ordered Bell numbers* which have been studied in various counting problems in number theory and enumerative combinatorics (see \[[@CR1], [@CR4], [@CR5], [@CR16], [@CR17], [@CR19]\]). The ordered Bell numbers are all positive integers, as we can see, for example, from $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& b_{0}(x)=1,\qquad b_{1}(x)=x+1,\qquad b_{2}(x)=x^{2}+2x+3, \\& b_{3}(x)=x^{3}+3x^{2}+9x+13,\qquad b_{4}(x)=x^{4}+4x^{3}+18x^{2}+52x+75, \\& b_{5}(x)=x^{5}+5x^{4}+30x^{3}+130x^{2}+375x+541. \end{aligned}$$ \end{document}$$ From ([1](#Equ1){ref-type=""}), we can derive $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& -b_{m}(1)+2b_{m}=\delta_{m,0}\quad(m\geq0), \\& \int_{0} ^{1} b_{m}(x)\,dx= \frac{1}{m+1} \bigl(b_{m+1}(1)-m_{m+1} \bigr) \\& \phantom{int_{0} ^{1} b_{m}(x)\,dx}=\frac{1}{m+1}b_{m+1}. \end{aligned}$$ \end{document}$$

For any integer *r*, the *poly-Bernoulli polynomials of index* *r* $\documentclass[12pt]{minimal}
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                \begin{document}${\mathbb{B}}_{m} ^{(r)}(x)$\end{document}$ are given by the generating function (see \[[@CR2], [@CR3], [@CR7]--[@CR10], [@CR12], [@CR13], [@CR20]\]) $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{Li_{r} (1-e^{-t} )}{e^{t}-1}e^{xt}=\sum_{m=0} ^{\infty }{\mathbb{B}}_{m} ^{(r)}(x) \frac{t^{m}}{m!}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$Li_{r}(x)=\sum_{m=1} ^{\infty}\frac{x^{m}}{m^{r}}$\end{document}$ is the polylogarithmic function for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{d}{dx} \bigl(Li_{r+1}(x) \bigr)=\frac{1}{x}Li_{r}(x). $$\end{document}$$ Also, we need the following for later use. $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{d}{dx}\mathbb{B}_{m}^{(r)}(x)=m{ \mathbb{B}}_{m-1}^{(r)}(x)\quad (m\geq1), \\& \mathbb{B}_{m}^{(1)}(x)=B_{m}(x),\qquad{ \mathbb{B}}_{0} ^{(r)}(x)=1,\qquad \mathbb {B}_{m}^{(0)}(x)=x^{m}, \\& \mathbb{B}_{m}^{(0)}=\delta_{m,0},\qquad\mathbb {B}_{m}^{(r+1)}(1)-\mathbb {B}_{m}^{(r+1)}(0)={ \mathbb{B}}_{m-1} ^{(r)}\quad(m\geq1), \\& \int_{0} ^{1}\mathbb{B}_{m}^{(r)}(x) \,dx=\frac{1}{m+1} \bigl({\mathbb {B}}_{m+1} ^{(r)}(1)-{ \mathbb{B}}_{m+1} ^{(r)}(0) \bigr) \\& \phantom{\int_{0} ^{1}\mathbb{B}_{m}^{(r)}(x) \,dx}=\frac{1}{m+1}\mathbb{B}_{m}^{(r-1)}. \end{aligned}$$ \end{document}$$

Here the *Bernoulli polynomials* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \langle x \rangle=x-\lfloor x \rfloor\in[0,1) $$\end{document}$$ denote the fractional part of *x*.

Finally, we recall the following facts about Bernoulli functions $\documentclass[12pt]{minimal}
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                \begin{document}$$ -\sum_{\substack{n=-\infty\\n\neq0}} ^{\infty}\frac{e^{2\pi inx}}{2\pi in}= \textstyle\begin{cases} B_{1}( \langle x \rangle),& \text{for }x\notin{\mathbb {Z}},\\ 0,& \text{for } x\in \mathbb{Z}. \end{cases} $$\end{document}$$

Here we will study three types of sums of products of ordered Bell and poly-Bernoulli functions and derive their Fourier series expansion. In addition, we will express those functions in terms of Bernoulli functions. $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha_{m}( \langle x \rangle)=\sum_{k=0} ^{m}b_{k}( \langle x \rangle){\mathbb{B}}_{m-k} ^{(r+1)}( \langle x \rangle), (m\geq1)$\end{document}$;$\documentclass[12pt]{minimal}
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                \begin{document}$\beta_{m}( \langle x \rangle)=\sum_{k=0} ^{m} \frac {1}{k!(m-k)!}b_{k}( \langle x \rangle){\mathbb{B}}_{m-k} ^{(r+1)}( \langle x \rangle), (m \geq1)$\end{document}$;$\documentclass[12pt]{minimal}
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                \begin{document}$\gamma_{m}( \langle x \rangle)=\sum_{k=1} ^{m-1}\frac {1}{k(m-k)}b_{k}( \langle x \rangle){\mathbb{B}}_{m-k} ^{(r+1)}( \langle x \rangle), (m \geq2)$\end{document}$.

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see \[[@CR18], [@CR21]\]).
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                \begin{document}$\gamma_{m}(\langle x \rangle)$\end{document}$, we note that the next polynomial identity follows immediately from Theorems [4.1](#FPar5){ref-type="sec"} and [4.2](#FPar6){ref-type="sec"}, which is in turn derived from the Fourier series expansion of $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \sum_{k=1} ^{m-1}\frac{1}{k(m-k)}b_{k}(x){ \mathbb{B}}_{m-k} ^{(r+1)}(x) \\& \quad = \frac{1}{m}\sum_{s=0} ^{m} \binom{m}{s} \biggl(\Lambda _{m-s+1}+\frac {H_{m-1}-H_{m-s}}{m-s+1} \bigl({ \mathbb{B}}_{m-s} ^{(r)}+b_{m-s+1} \bigr) \biggr)B_{s}(x), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Lambda_{l}=\sum_{k=1} ^{l-1} \frac{1}{k(l-k)}b_{k}\mathbb {B}_{l-k}^{(r+1)}+2\sum _{k=1} ^{l-1}\frac{1}{k(l-k)}b_{k}{ \mathbb {B}}_{l-k-1} ^{(r)}, $$\end{document}$$ with $\documentclass[12pt]{minimal}
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The polynomial identities can be derived also for the functions $\documentclass[12pt]{minimal}
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                \begin{document}$\beta_{m} ( \langle x \rangle)$\end{document}$ from Theorems [2.1](#FPar1){ref-type="sec"} and [2.2](#FPar2){ref-type="sec"}, and Theorems [3.1](#FPar3){ref-type="sec"} and [3.2](#FPar4){ref-type="sec"}, respectively. We refer the reader to \[[@CR6], [@CR11], [@CR14], [@CR15]\] for the recent papers on related works.

Fourier series of functions of the first type {#Sec2}
=============================================
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                \begin{document} $$\begin{aligned} A_{n} ^{(m)} =& \int_{0} ^{1} \alpha_{m}\bigl( \langle x \rangle \bigr)e^{-2\pi inx}\,dx \\ =& \int_{0} ^{1} \alpha_{m} (x)e^{-2\pi inx}\,dx. \end{aligned}$$ \end{document}$$

Before proceeding further, we observe the following $$\documentclass[12pt]{minimal}
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                \begin{document}$\int_{0} ^{1}\alpha_{m} (x)\,dx=\frac{1}{m+2} (\alpha_{m+1}(1)-\alpha _{m+1}(0) )$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\geq1$\end{document}$, we put $$\documentclass[12pt]{minimal}
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Now, we want to determine the Fourier coefficients $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} A_{n} ^{(m)} =& \int_{0} ^{1} \alpha_{m}(x)e^{-2\pi inx} \,dx \\ =&-\frac{1}{2\pi in} \bigl[\alpha_{m}(x)e^{-2\pi inx} \bigr]_{0} ^{1}+\frac {1}{2\pi in} \int_{0} ^{1} \alpha_{m}'(x)e^{-2\pi inx} \,dx \\ =&\frac{m+1}{2\pi in} \int_{0} ^{1} \alpha_{m-1}(x)e^{-2\pi inx} \,dx-\frac {1}{2\pi in} \bigl(\alpha_{m}(1)-\alpha_{m}(0) \bigr) \\ =&\frac{m+1}{2\pi in}A_{n} ^{(m-1)}-\frac{1}{2\pi in} \Delta_{m} \\ =&\frac{m+1}{2\pi in} \biggl(\frac{m}{2\pi in}A_{n} ^{(m-2)}- \frac {1}{2\pi in}\Delta_{m-1} \biggr)-\frac{1}{2\pi in} \Delta_{m} \\ =&\frac{(m+1)_{2}}{(2\pi in)^{2}}A_{n} ^{(m-2)}-\sum _{j=1} ^{2}\frac {(m+1)_{j-1}}{(2\pi in)^{j}}\Delta_{m-j+1} \\ =&\cdots \\ =&\frac{(m+1)_{m}}{(2\pi in)^{m}}A_{n} ^{(0)}-\sum _{j=1} ^{m} \frac {(m+1)_{j-1}}{(2\pi in)^{j}}\Delta_{m-j+1} \\ =&-\frac{1}{m+2}\sum_{j=1} ^{m} \frac{(m+2)_{j}}{(2\pi in)^{j}}\Delta_{m-j+1}, \end{aligned}$$ \end{document}$$ where we note that $\documentclass[12pt]{minimal}
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Now, we can state our second theorem.
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Fourier series of functions of the second type {#Sec3}
==============================================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta_{m}(x)=\sum_{k=0} ^{m} \frac{1}{k!(m-k)!}b_{k}(x){\mathbb {B}}_{m-k} ^{(r+1)}(x)$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r,m$\end{document}$ are integers with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m\geq1$\end{document}$. Then we will investigate the function $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \beta_{m}\bigl( \langle x \rangle\bigr)=\sum _{k=0} ^{m} \frac {1}{k!(m-k)!}b_{k}\bigl( \langle x \rangle\bigr){\mathbb{B}}_{m-k} ^{(r+1)}\bigl( \langle x \rangle\bigr), $$\end{document}$$ defined on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbb{R}}$\end{document}$, which is periodic with period 1.
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Now, we can state our second theorem.

Theorem 3.2 {#FPar4}
-----------

*For each positive integer* *l*, *we let* $$\documentclass[12pt]{minimal}
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Fourier series of functions of the third type {#Sec4}
=============================================
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                \begin{document} $$\begin{aligned}& \int_{0} ^{1} {\mathbb{B}}_{l} ^{(r+1)}(x)e^{-2\pi inx}\,dx= \textstyle\begin{cases} -\sum_{k=1} ^{l}\frac{(l)_{k-1}}{(2\pi in)^{k}}{\mathbb{B}}_{l-k} ^{(r)},& \text{for } n\neq0,\\ \frac{1}{l+1}{\mathbb{B}}_{l} ^{(r)},& \text{for } n=0, \end{cases}\displaystyle \\& \int_{0} ^{1}b_{l}(x)e^{-2\pi inx} \,dx= \textstyle\begin{cases} -\sum_{k=1} ^{l} \frac{(l)_{k-1}}{(2\pi in)^{k}}b_{l-k+1},& \text{for }n\neq0,\\ \frac{1}{l+1}b_{l+1},& \text{for } n=0, \end{cases}\displaystyle \\& C_{n} ^{(m)}= \int_{0} ^{1} \gamma_{m}(x)e^{-2\pi inx} \,dx \\& \phantom{C_{n} ^{(m)}}=-\frac{1}{2\pi in} \bigl[\gamma_{m}(x)e^{-2\pi inx} \bigr]_{0} ^{1} +\frac {1}{2\pi in} \int_{0} ^{1} \gamma_{m} '(x)e^{-2\pi inx}\,dx \\& \phantom{C_{n} ^{(m)}}= -\frac{1}{2\pi in} \bigl(\gamma_{m}(1)- \gamma_{m}(0) \bigr) \\& \phantom{C_{n} ^{(m)}=}{}+\frac{1}{2\pi in} \int_{0} ^{1} \biggl((m-1)\gamma_{m-1}(x)+ \frac {1}{m-1}{\mathbb{B}}_{m-1} ^{(r+1)}(x)+ \frac{1}{m-1}b_{m-1}(x) \biggr)e^{-2\pi inx}\,dx \\& \phantom{C_{n} ^{(m)}}=\frac{m-1}{2\pi in}C_{n} ^{(m-1)}- \frac{1}{2\pi in}\Lambda_{m}+\frac {1}{2\pi in(m-1)} \int_{0} ^{1} {\mathbb{B}}_{m-1} ^{(r+1)}(x)e^{-2\pi inx}\,dx \\& \phantom{C_{n} ^{(m)}=}{}+\frac{1}{2\pi in(m-1)} \int_{0} ^{1}b_{m-1}(x)e^{-2\pi inx}\,dx \\& \phantom{C_{n} ^{(m)}}=\frac{m-1}{2\pi in}C_{n} ^{(m-1)}- \frac{1}{2\pi in}\Lambda_{m}-\frac {1}{2\pi in(m-1)}\Theta_{m}- \frac{1}{2\pi in(m-1)}\Phi_{m}, \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \Lambda_{m} = \gamma_{m}(1)-\gamma_{m}(0) \\& \phantom{\Lambda_{m}} = \sum_{k=1} ^{m-1} \frac{1}{k(m-k)}b_{k}{\mathbb{B}}_{m-k} ^{(r+1)}+2 \sum_{k=1} ^{m-1}\frac {1}{k(m-k)}b_{k}{ \mathbb{B}}_{m-k-1} ^{(r)}, \\& \Theta_{m}=\sum_{k=1} ^{m-1} \frac{(m-1)_{k-1}}{(2\pi in)^{k}}{\mathbb {B}}_{m-k-1} ^{(r)},\qquad \Phi_{m}=\sum_{k=1} ^{m-1} \frac{(m-1)_{k-1}}{(2\pi in)^{k}}b_{m-k}. \\& C_{n} ^{(m)}=\frac{m-1}{2\pi in}C_{n} ^{(m-1)}-\frac{1}{2\pi in}\Lambda _{m}-\frac{1}{2\pi in(m-1)} \Theta_{m}-\frac{1}{2\pi in(m-1)}\Phi_{m} \\& \phantom{C_{n} ^{(m)}} = \frac{m-1}{2\pi in} \biggl(\frac{m-2}{2\pi in}C_{n} ^{(m-2)}-\frac {1}{2\pi in}\Lambda_{m-1}-\frac{1}{2\pi in(m-2)} \Theta_{m-1}-\frac {1}{2\pi in(m-2)}\Phi_{m-1} \biggr) \\& \phantom{C_{n} ^{(m)}=}{}-\frac{1}{2\pi in}\Lambda_{m}-\frac{1}{2\pi in(m-1)} \Theta_{m}-\frac {1}{2\pi in(m-1)}\Phi_{m} \\& \phantom{C_{n} ^{(m)}} =\frac{(m-1)_{2}}{(2\pi in)^{2}}C_{n} ^{(m-2)}-\sum _{j=1} ^{2}\frac {(m-1)_{j-1}}{(2\pi in)^{j}}\Lambda_{m-j+1} \\& \phantom{C_{n} ^{(m)}=}{}-\sum_{j=1} ^{2} \frac{(m-1)_{j-1}}{(2\pi in)^{j}(m-j)}\Theta _{m-j+1}-\sum_{j=1} ^{2} \frac{(m-1)_{j-1}}{(2\pi in)^{j}(m-j)}\Phi_{m-j+1} \\& \phantom{C_{n} ^{(m)}}=\cdots \\& \phantom{C_{n} ^{(m)}}=-\sum_{j=1} ^{m-1} \frac{(m-1)_{j-1}}{(2\pi in)^{j}}\Lambda _{m-j+1}-\sum_{j=1} ^{m-1}\frac{(m-1)_{j-1}}{(2\pi in)^{j}(m-j)}\Theta_{m-j+1}-\sum _{j=1} ^{m-1}\frac{(m-1)_{j-1}}{(2\pi in)^{j}(m-j)}\Phi_{m-j+1}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \gamma_{m}\bigl( \langle x \rangle\bigr) =&\frac{1}{m} \biggl(\Lambda_{m+1}-\frac{1}{m(m+1)}{\mathbb {B}}_{m}^{(r)}- \frac {1}{m(m+1)}b_{m+1} \biggr) \\ &{}+\sum_{\substack{n=-\infty\\n\neq0}} ^{\infty} \Biggl\{ - \frac {1}{m}\sum_{s=1} ^{m} \frac{(m)_{s}}{(2\pi in)^{s}} \biggl(\Lambda_{m-s+1}+\frac {H_{m-1}-H_{m-s}}{m-s+1} \bigl({ \mathbb{B}}_{m-s} ^{(r)}+b_{m-s+1} \bigr) \biggr) \Biggr\} e^{2\pi inx} \\ =&\frac{1}{m} \biggl(\Lambda_{m+1}-\frac{1}{m(m+1)}{\mathbb {B}}_{m}^{(r)}-\frac {1}{m(m+1)}b_{m+1} \biggr) \\ &{}+\frac{1}{m}\sum_{s=1} ^{m} \binom{m}{s} \biggl(\Lambda_{m-s+1}+\frac {H_{m-1}-H_{m-s}}{m-s+1} \bigl({ \mathbb{B}}_{m-s} ^{(r)}+b_{m-s+1} \bigr) \biggr) \Biggl(-s!\sum_{\substack{n=-\infty\\n\neq0}} ^{\infty}\frac {e^{2\pi inx}}{(2\pi in)^{s}} \Biggr) \\ =&\frac{1}{m} \biggl(\Lambda_{m+1}-\frac{1}{m(m+1)}{\mathbb {B}}_{m}^{(r)}-\frac {1}{m(m+1)}b_{m+1} \biggr) \\ &{}+\frac{1}{m}\sum_{s=2} ^{m} \binom{m}{s} \biggl(\Lambda_{m-s+1}+\frac {H_{m-1}-H_{m-s}}{m-s+1} \bigl({ \mathbb{B}}_{m-s} ^{(r)}+b_{m-s+1} \bigr) \biggr)B_{s}\bigl( \langle x \rangle\bigr) \\ &{}+\Lambda_{m}\times \textstyle\begin{cases} B_{1}( \langle x \rangle),& \text{for } x\notin{\mathbb {Z}},\\ 0,& \text{for } x\in{\mathbb{Z}} \end{cases}\displaystyle \\ =&\frac{1}{m}\sum_{\substack{s=0\\s\neq1}}^{m} \binom{m}{s} \biggl(\Lambda _{m-s+1}+\frac{H_{m-1}-H_{m-s}}{m-s+1} \bigl({ \mathbb{B}}_{m-s} ^{(r)}+b_{m-s+1} \bigr) \biggr)B_{s}\bigl( \langle x \rangle\bigr) \\ &{}+\Lambda_{m}\times \textstyle\begin{cases} B_{1}( \langle x \rangle),& \text{for } x\notin{\mathbb {Z}},\\ 0,& \text{for } x\in \mathbb{Z}. \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ Now, we can state our first result.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Now, we can state our second result.
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Results and discussion {#Sec5}
======================

In this paper, we study three types of sums of products of ordered Bell and poly-Bernoulli functions and derive their Fourier series expansion. In addition, we express those functions in terms of Bernoulli functions. The Fourier series expansion of the ordered Bell and poly-Bernoulli functions are useful in computing the special values of the poly-zeta and multiple zeta function. For details, one is referred to \[[@CR3], [@CR7]--[@CR18]\]. It is expected that the Fourier series of the ordered Bell functions will find some applications in connection with a certain generalization of the Euler zeta function and the higher-order generalized Frobenius-Euler numbers and polynomials.

Conclusion {#Sec6}
==========

In this paper, we considered the Fourier series expansion of the ordered Bell and poly-Bernoulli functions which are obtained by extending by periodicity of period 1 the ordered Bell and poly-Bernoulli polynomials on $\documentclass[12pt]{minimal}
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                \begin{document}$[0, 1)$\end{document}$. The Fourier series are explicitly determined.
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